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Exact Solution of the Boltzmann Equation
in the Homogeneous Color Conductivity Problem
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An exact solution of the Boltzmann equation for a binary mixture of “colored”
Maxwell molecules is found. The solution corresponds to a nonequilibrium
homogeneous steady state created by a nonconservative external force.
Explicit expressions for the moments of the distribution function are obtained.
By using information theory, an approximate velocity distribution function is
constructed, which is exact in the limits of small and large field strengths.
Comparison is made between the exact energy flux and the one obtained from
the information theory distribution.
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1. INTRODUCTION

Since its formulation in 1872, the nonlinear Boltzmann equation has
represented a cornerstone in the kinetic description of dilute simple or
multicomponent gases. Closely related equations are also used in the study
of other physical problems, such as the dynamics of electrons and phonons
in solids or elementary excitations in quantum fluids and plasmas. '
Despite the fundamental importance of the Boltzmann equation, the
mathematical complexity of its collision term has hindered the discovery of
exact solutions. Exact solutions are important as means of gaining insight
into nonequilibrium physical mechanisms and also as tests of approxima-
tion methods. In the case of spatially homogeneous situations, Bobylev,
Krook, and Wu'® found in 1976 and exact explicit solution for Maxwell
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molecules [particles interacting via a potential V(r)=xr"*]. This
stimulated important advances.®’ For an inverse power interaction,
Nikol'skii®® has found a transformation that maps any given spatially
homogeneous solution onto an inhomogeneous solution. Nevertheless, the
solutions obtained in this way correspond to the so-called homoenergetic
dilatational flows”®) and do not account for transport phenomena.
Physically more interesting are Ikenberry and Truesdell’s solution of the
Boltzmann equation for planar shear flow at uniform temperature and
density® and Asmolov et al’s solution for steady energy flow at constant
pressure.® Both solutions are restricted to Maxwell molecules and are
obtained in terms of the moments of the velocity distribution function.

The aim of this paper is to present an exact solution of the Boltzmann
equation for a binary mixture. The only previous exact solution for a multi-
component gas we are aware of corresponds to a 2D homogencous and
isotropic system of so-called “very hard particles.”'”’ On the other hand, we
shall consider here a steady nonequilibrium state where self-diffusion takes
place. The system is not driven out of equilibrium by concentration
gradients, but by the action of a homogeneous, velocity-dependent external
force. This way of producing macroscopic flows in homogeneous situations
by means of external nonconservative forces has been recently used in
molecular dynamics simulations. Shear flow,® energy flow,® and color
conductivity!®!") have been generated with this method.

The organization of this paper is as follows. The homogeneous color
conductivity state is described in Section 2. In Section 3, exact expressions
for the first few velocity moments are derived. Since the velocity distribu-
tion function is not known exactly, information theory is used in Section 4
to gain some insight into its qualitative features. Finally, some concluding
remarks are offered in Section 5.

2. HOMOGENEOUS COLOR CONDUCTIVITY STATE

In the homogeneous color conductivity problem,'%!?) the system is a
binary mixture c¢onstituted by particles of species 1 and particles of
species 2. Both  types of particles are mechanically identical, the only
distinction being a label or “color charge” each particle carries with it.
A constant external field is applied that accelerates particles of different
species in opposite directions. This induces macroscopic fluxes in spite of
the absence of concentration gradients. A drag force is also added to
compensate for the increase of temperature.

Let us assume that a steady homogeneous state has been reached. Let
f.(v) be the velocity distribution function of particles of species ». The total
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distribution function is f(v) = f,(v) + f5(v). In the low-density imit, f; and
/> satisfy a coupled set of two Boltzmann equations:

_a_. F,(v)
e

e U] B VA R VN

=J[/1, /] (1)

and a similar equation for f;. In Eq. (1), F,(v) is the external force acting
on particles of species r, and J is the Boltzmann collision operator, which
in standard notation reads"®

T = dv, [d2 =y, a(v=v.l, OLLY) £ = £9) £:v)] (2)

At the kinetic level, the external force that produces color diffusion is*%*2)
F.(v)= —kgTe, —av (3)

where T is the temperature, &, =¢,x is a constant vector that mimics a
chemical potential gradient, and « is a thermostat parameter identical for
all the particles. Conservation of total momentum (taken to be zero) and
energy imposes the constraints

n1£1+n2£2:0 (4)

o omjg

o= —— ——

3 n

_m 278

T3 o, (3)
where ‘

no= av £,(v) (6)

is the number density and
o= vy (7

is the particle flux (or color current) of species r. Taking into account
Egs. (3) and (4), it is easy to obtain the coupled set

kT 0 ® 3 _
- 5;f1*‘ﬂ;g; /) =JLf, f] (8)

kgTn;, 0 n x 0 _
() -2 N =TS ©)

where n=n,+n,. Notice that the total distribution f does not obey a
closed equation.
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3. NONLINEAR TRANSPORT

In general, the set of equations (8) and (9) can only be solved by
means of the Chapman-Enskog method.'* In this method, the solution is
expressed as a perturbation expansion around the state of local equi-
librium. Truncation of the expansion at the level of the first, second,
or third order provides the Navier-Stokes, Burnett, or super-Burnett
approximation, respectively. The corresponding expressions for the fluxes
are generally not reliable far from equilibrium.

However, the set of equations (8) and (9) can be solved by the
moment method if one restricts oneself to Maxwell molecules. In that case,
a moment of order k of the collision operator only involves moments of
order less than or equal to k. For instance,"¥

[avwis, £1= =g —ni) (10)

2
Javmdts 3= | (nop,nop, 45 mi 1)

- (ns Pr + n, Ps) + m(jsjr +.lrjs)]

—A(n,P,—n,P) (11)
4

[ v S onILs, £]= =5 2, (12)

In these equations,
A= 1197(x/m)"? ‘ (13)
A =0.925n(x/m)"? (14)

are constants

P, = [ dvmvf,(v) (15)

is the pressure tensor, p, = §tr P, is the hydrostatic pressure, and

a,=[avZvivsv) (16)

is the energy flux. The moment equations obtained from Egs. (8) and (9)
can be solved following a recursive scheme: if all the moments of f and f,
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of order less than & are known, Eq. (9) allows one to obtain the moments
of f of order k; once these moments are known, Eq. (8) gives the moments
of f, of order k. As a starting point, the moments of order zero, », and =,
and the moment of first order j=j, +j, =0 are assumed to be given. The
first nontrivial moment is j,. Multiplying both sides of Eq. (8) by v and
integrating, one gets

kg T o€, -
2 ng +—J) = —Ain) (17
m m

Due to the coupling between « and j;, Eq.(5), Eq. (17) is a quadratic
equation for j,. Its physical solution is

Ji= —oi(e)n g (18)
where
3. n, 4 kyT n 12
61(81)=—2-)Jlé81 2[<1+§7n52—}7é8%) ~1] (19)

Nonequilibrium molecular dynamics simulations corresponding to this
state %11 are used to measure the self-diffusion coefficient D as the
zero-field limit of the color conductivity coefficient o (s,):

D= lim o,(¢,) (20)

g -0

This represents an efficient alternative to molecular dynamics methods
based on the Green-Kubo formula. On the other hand, the system may
exhibit interesting physical properties beyond the linear response regime. ")
Here, we will study the nonlinear response of the system, as measured by
the dependence of the main fluxes on the field strength, in the case of a
dilute gas of Maxwell molecules.

It is convenient to define a dimensionless color conductivity
o*¥=g,/D, where D =ky T/mni is the self-diffusion coefficient of Maxwell
molecules,'® and a dimensionless field strength

o = g kp T m 1/28
3 mn*i’ n, !
2 kg T n,\'?
— (LBl T 1
(3 mn212n1> & b

In terms of dimensionless quantities, Eq. (19) becomes

o*(e*) = e* 2[(1 +26*2)'2 — 1] (22)
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This is the most important transport coefficient of the problem. It exhibits
a highly nonlinear dependence on the nonequilibrium parameter &*. Its
power series expansion (Chapman-Enskog expansion) is

(o) _ v (2k)! #2k
o™ (&) ,EO( D ks ¢
This series is convergent for &*?<1/2. Thus, the Chapman-Enskog
expansion is adequate only for states near equilibrium. For instance, the
super-Burnett approximation, o*~1—31e*? underestimates the exact
value of o* at ¢* =1 by about 32%.

The function o*(¢*) is plotted in Fig. 1. As the intensity of the external
field increases, the conductivity coefficient decreases. This was also
observed by Hoover!®) in his exact solution of the two-body Boltzmann
equation for hard particles diffusing under the action of the same external
field as considered here. Equation (22) shows that a*~\/§ le*| =1 in the
large-field limit. Thus, the color current j, grows (in absolute value) with
le*| until reaching a saturation value [j5*'| = (3n;n,ks T/m)"*. This upper
bound to the mean velocity of a given species is imposed by the conserva-
tion of total energy.

Now, let us turn our attention to the pressure tensors. Equation (9)
yields

(23)

Ip . . x .
5;2(81J1+J151)+EP="A"(P“Pﬂ) (24)

1.0 T T -1 —T

Fig. 1. Plots of the dimensionless color conductivity coefficient o*(¢*) (solid line) and the yy
element of the dimensionless pressure tensor P},(¢*) (dotted line).
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where use has been made of Eq. (11). The dimensionless tensor P* = P/p
is diagonal with elements

P}(e*) = PE(e¥)

[t ey | (25)
27
PA(s%) =3 — 2P (&%) (26)

The function Pj(¢*) is also plotted in Fig. 1. We observe that the contribu-
tion to the kinctic energy associated with motion orthogonal to the field
decreases as the field strength increases. In the large-field limit, P} ~
(2 /2) |e*| 7.

The equation for the pressure tensor of species 1 is obtained from
Eq. (8):

. . o4
ks T(e], +1131)+2% P,= —i(nP,—nP)
+A'[(rpy+ny p) 1 — (0P +n,P)] (27)

Let us introduce the dimensionless pressure tensor P =P, /x, p, where
x,=n,/n is the molar fraction of species r. Thus, we get

14 (x5/x,) e*%0*(e*)

p;‘(a*): 1+8*20_*(8*) (28)
Pt (%)= Pf.(e%)
Lt pie*)+ (A —1) PE(e¥) (29)
T L (WA 4+ e*2a*(e*)]
P o(e%)=3pi(e*) — 2PF (%) (30)

In the large-field limit, p¥ ~x,/x, and P¥ , ~ (4'/4/2 x,) |¢*| " Notice
that we have {(v?>)» = {v)? for particles of each species in the limit of |e*
going to infinity. Therefore,
ssat
lim f.(v)=n,é <v—J};—) (31)
leX| = oo ,
The difference between the pressure tensors P} and P* is of second order

in ¢* and vanishes in the case of an equimolar mixture (x, = x,). This
suggests to define the tensor

n(e*)=a*-2(——1)‘ [PH(e*) — P*(e*)] (32)
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which does not depend on the molar fractions. Its elements are

elpqo )
w(e ):3trQ_1+a*20*(s*) (33)
Q) (e%)=Q,.(e*)
w(e*) (34)

T L+ () (e (%)
The functions w(e*) and Q,(e*) are plotted in Fig. 2.

The next moment we are going to evaluate is the energy flux of the
whole system q=¢q, +¢,. From Eqgs. (9) and (12) one gets

kgTn,[3 7 7 « 4
— [2<p—nlp1>£1+s1 (Pﬂn—1P1>]+3;q—*§inq (35)

m n,

whose solution is given by

4= pt o (2 1) et (36)

Fig. 2. Plots of the dimensionless functions @,.(¢*), w(e*) =1 tr Q(e*), y(¢), and yTD(e¥),
defined by Egs. (32), (36), and (48), respectively.
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where

o 3 (92) 0(e*)—2Q,,(%)
M) = T T OB s o (%) (37)

In the limit |&*| — oo, y~(3)//\/§ 4)e*| 73, which is consistent with
Eq. (31). The dimensionless function y(¢*) is also plotted in Fig. 2. Notice
that the energy flux q vanishes in the particular case of an equimolar
mixture.

4. INFORMATION THEORY VELOCITY DISTRIBUTION

Proceeding in a way similar to the one followed in the previous
section, we can also obtain higher-order moments. However, we have
not been able to obtain an explicit expression for the velocity distribution
function. In order to get insight into its qualitative features, we are going
to use information theory"® to construct an approximate velocity
distribution function f{'"(v) that maximizes the entropy

S.— J v (v In [’% (2nkg T)s/zfr(v)} 38)
m

subject to the constraints given by Eqgs. (6), (7), and (15). The result is

FIO() = n,m 32 )2 exp [— r: (v—j—’)<v—iiﬂ (39)

n, i,

where

1 —1
M=t (P,—T—j,j,> (40)
2 n,

Substitution of Eq. (39) into Eq. (38) yields

.3 P P -‘3 0
EIT)—EnkB {1 ;ln vay( Toxs 2);2 & *2>]} e
S 1

This expression represents an upper bound to the entropy corresponding to
the actual distribution function. As expected, the nonequilibrium entropy
monotonically decreases as we move farther from equilibrium.

The distribution given by Eq. (39) contains all the orders in ¢* and is
exact up to £*? (super-Burnett order):

[i) =0+ D) e* + DP(vF) e*2 + O(e*7)] (42)
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where
f(O) V)—I’ll ( > -muZ/ZkBT (43)
vty = —[322
o= —(32)" 02 (#4)
Dy (1 X2 \(3_ 2 A (> _L] *2 %2
(v )—(1 x1>(2 v >+|i2ﬂ' (1 xl)i-)—/l’ (3vFs—0v*?)  (45)
. m 172
y =<sz'T> y (46)

Also, Eq. (39) reduces to the exact form (31) in the limit |¢*| - co. Thus,
one can expect Eq. (39) to give a fair picture of the actual distribution for
finite &*.

In order to plot the distribution function, it is convenient to introduce
the dimensioniess quantity

oIT(v3) = (212 )mjmduy[mdusz”)(v) (47)

(T) (IT)

Figures 3 and 4 show @', ¢, and ¢ =x, ¢+ x,0" for several
values of &* and x,/x,. We can see that for ¢* large enough, the total
function @™ exhibits two maxima. Also, "™ is symmetric around v¥ =0
in the equimolar case.

As a quantitative test of the usefulness of the information theory
method, let us compare the energy flux obtained from Eq. (39) with the
exact one, Eqgs. (36) and (37). After some algebra one gets

a0 = [ dv 2oL + 140
p <ﬁ— 1) £*2y0T)(g*) g, (48)

mn?l \ x,

where

at

=06 | F0et) 20,60 -5 06 | @)

Comparison between y and y™™ in Fig. 2 shows that y'") underestimates
the exact value at ¢* =0 by a factor (4/3)(3+ A/A")/(5+94/A")=0.61. This
is a measure of the degree of approximation of Eq. (39) up to third order
in ¢*. On the other hand, y™ tends to approach y as |¢*| increases.
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Fig. 3. Plots of the information theory distributions ¢ {(v¥) (left solid line), @{™(v*) (right

solid line), and ¢*™(v*) (dotted line), defined by Eq. (47), for a value of the field strength
g¥* =1. The values of the molar fractions are (a) x; = x, = 1/2 and (b) x, = 2x, =2/3.
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Fig. 4. The same as Fig. 3, but for ¢*=2.
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5. CONCLUSIONS

In summary, the hierarchy of moments of the Boltzmann equation for
a binary mixture of mechanically identical Maxwell molecules has been
exactly solved. It corresponds to a nonequilibrium homogeneous stationary
state generated by introducing a homogeneous, velocity-dependent external
force. This force accelerates particles of different “colors™ along opposite
directions, but keeps the temperature constant. The solution shows a highly
nonlinear dependence of the fluxes on the field strength. Here, we have
obtained the flux of particles, the pressure tensor, and the energy flux
vector. Higher-order moments can also be obtained in a recursive way. The
Chapman-Enskog expansion of the fluxes is convergent for states close to
equilibrium (e*? < 1/2), but fails otherwise.

In an attempt to construct a velocity distribution function, the
information theory method has been used. In the two-body problem, !
qualitative differences are apparent between the exact and the information
theory distributions at moderate fields. However, the approximate distribu-
tion obtained here is expected to share the main qualitative aspects with
the exact distribution, since it becomes exact up to the super-Burnett order
and also in the large-field limit. Comparison between the exact and the
approximate energy fluxes shows a good agreement for large field strengths.
In order to check the accuracy of the information theory distribution
function, one would need to numerically solve the Boltzmann equation.
Work is in progress along this line.

We think that the search for exact solutions of the Boltzmann equa-
tion, such as the one reported here, is useful in order to improve our
understanding of nonequilibrium phenomena outside the linear regime.
Moreover, exact solutions play an essential role to test approximation
methods, simulation techniques, or model kinetic equations.
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